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We discuss the non-radiative heat transfer in non-equilibrium double layer graphene system. We
show that at the neutrality point the heat exchange is dominated by the inter-layer plasmon modes
and derive analytic expressions for the heat current as a function of temperature and the interlayer
separation. These results show that for a range of low temperatures the two graphene layers are
much more efficient heat exchanger than conventional metals. The physical reason behind this
phenomenon is the presence of inter-band excitations with a large energy, and a small momentum in
graphene spectrum. Plasmonic mechanism of the heat transfer is sharply suppressed by electrostatic
doping. This allows for tuning of the heat exchange by a small applied voltage between the two
layers.
Heat transfer between two bodies may greatly exceed
the black-body radiation limit in the near field regime.
The effect is due to the non-radiative, evanescent modes
of the electromagnetic field [1], which can transfer en-
ergy between closely spaced dielectric [1–4], or metal-
lic [5–8] surfaces. Specifically in metals, the near field
heat transfer (NFHT) is associated with the Coulomb in-
teractions between thermally excited electron-hole pairs
[5, 9, 10]. The resonant modes of the Coulomb coupled
electron-hole plasmas – the surface plasmons – may be
expected to play an important role in this process, offer-
ing a higher efficiency and tunability of the heat trans-
fer [11–13]. Yet in conventional metals, plasmons play
a modest role, dominating the heat transport only in a
narrow range of temperatures and scattering rates [8].
Graphene is a promising material [14, 15], which al-
lows for a high degree of control over its plasmon spec-
tra, through electrostatic doping, temperature and choice
of the spacer [16–18]. Due to the Dirac point in its
electronic spectrum, graphene supports unusual plasmon
modes [19–22], which could serve as mediators of the
inter-layer heat transfer. The role of plasmons in NFHT
between two graphene layers was highlighted in Refs. [23]
and [24], who presented numerical evidence for the effect.
It was shown that NFHT between the two graphene lay-
ers can be greatly enhanced by a factor of 102 ∼ 103
compared to the black body radiation at room tempera-
ture.
In this article, we take a kinetic approach [8–10, 25].
The energy transfer is captured by the energy exchange
during the electron-electron scattering and the processes
of the creation and annihilation of the electron-hole pairs
in the two layers. This approach allows us to analyze
the problem analytically and extract the parametric de-
pendence (such as temperature, T , and interlayer dis-
tance, d) for various heat transfer channels. Here we
focus on the plasmon channel, which dominates NFHT
in graphene through a broad range of the relevant pa-
rameters.
We consider two graphene layers kept at different tem-
peratures as shown in Fig. 1. The electrons in the two
layers interact through the screened Coulomb potential.
FIG. 1. Schematic system setup: two layers of graphene are at
different temperatures T1 and T2 and separated by a distance
d. The interlayer electron interaction is U12. The heat flux is
J(T1, T2, d).
As a result, the electron density fluctuations of the two
graphene layers are strongly coupled. This leads to the
two plasmon branches - the optical and acoustic plas-
mons, corresponding to the in-phase and the out-of-phase
oscillations of the electron densities respectively. Their
dispersion relations are shown in Fig. 3. The plasmon
mediated NFHT conductance as a function of tempera-
ture is summarized in Fig. 4. At small temperature it
exhibits T 3 dependence, which is similar to the radiative
Stefan–Boltzmann law. The coefficient however is greatly
exceeding the Stefan–Boltzmann one, as the the speed of
light (in the negative two power) is substituted with the
graphene Fermi velocity, vF . The thermal conductance
riches a broad maximum at T ≈ vF /d and slowly de-
crease as T−1/2 at higher temperatures.
Such non-monotonic thermal conductance is a signa-
ture of an undoped graphene. In a doped case the max-
imum is sharply suppressed once the chemical potential,
µ, exceeds the characteristic temperature vF /d. This
opens a way to manipulate the heat transport by purely
electrostatic means. Indeed, applying a small voltage be-
tween the two graphene layers, or between a graphene
layer and a gate, one can induce a charge density and
thus non-zero chemical potential. We show that a minute
voltage is sufficient to decrease the heat transfer exponen-
tially.
In the second order in the dynamically screened in-
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2terlayer Coulomb interactions (RPA approximation), the
net heat flux between the two layers with temperatures
T1 and T2 is given by [1, 5, 7, 9, 10, 26, 27]:
J(T1, T2, d) =
∫
dωd2q
(2pi)3
[N1(ω)−N2(ω)]
×=Π1(q, ω)=Π2(q, ω)|U12(q, ω)|2,
(1)
where the integration runs over the 2D momentum, q,
and energy, ω. Here Nj(ω) = ω/ [exp(ω/Tj)− 1] and
Πj(q, ω) are the Planck function and the polarization
operator, Fig. 2(a), with j = 1, 2 labeling the layers.
Finally, U12(q, ω) is the screened interlayer Coulomb in-
teraction, which may be written as:
U12(q, ω) =
1
12(q, ω)
2pivFαg
q
e−qd, (2)
where vF and αg = e
2/(~vF ˜) are the Fermi velocity of
the Dirac spectrum and the fine structure constant in
graphene, respectively; ˜ is the dielectric constant of a
spacer between the two layers and d is the interlayer sep-
aration. Within the RPA approximation the interlayer
dielectric function, 12(q, ω), is given by the solution of
the 2× 2 matrix Dyson’s equation [28, 29]:
12(q, ω) = 1 +
2pivFαg
q
[Π1(q, ω) + Π2(q, ω)] (3)
+
(
2pivFαg
q
)2
Π1(q, ω)Π2(q, ω)(1− e−2qd).
As explained below, the main contribution to NFHT
in graphene is coming from the resonances (poles) of the
dynamically screened interactions, U12(q, ω) [8, 11–13].
These plasmon resonances at, in general, complex fre-
quency, ω = ωP(q) − iΓP(q), are determined by zeros of
the dielectric function, 12(q, ω) = 0. In a vicinity of the
plasmon pole the screened interaction takes the form
U12(q, ω) =
Z(q)
ω − ωP(q) + iΓP(q) (2pivFαg)e
−qd, (4)
where ωP(q) and ΓP(q) are the plasmon frequency and
the decay rate, and Z(q) is the residue of the plas-
mon propagator. For the underdamped plasmons, with
ΓP(q)  ωP(q), one can evaluate the frequency integral
in Eq. (1) in the pole approximation [30, 31] to single out
the plasmon contribution to the heat flux:
JP(T1, T2, d) =
∫
d2q
(2pi)2
[N1(ωP(q))−N2(ωP(q))] (5)
×=Π1(q, ωP(q))=Π2(q, ωP(q)) Z
2(q)(2pivFαg)
2e−2qd
2 ΓP(q)
.
It is clear from here that the plasmon part of the heat
flux is weighted by =Πj(q, ωP(q)). This is the reason
why plasmons do not play a role in conventional metals
at low temperatures [5, 7, 8, 32]. Indeed, the 2D plasmon
frequency, ωP(q) ∝ √q [33] satisfies ωP(q)  vF q. On
FIG. 2. (a) Feynman diagram for the polarization operator
Π(q, ω); (b) Inter-band electron-hole excitations excited by a
virtual (evanescent) photon with a high frequency ω > vF q.
the other hand, at T = 0 all particle-hole excitations
have ω ≤ vF q, resulting in =Πj(q, ωP(q)) = 0. At a finite
temperature =Πj(q, ωP(q)) ∝ exp{−F /T} [32] and thus
the plasmon contribution is still small. It may become
significant, however at T > vF /l and d ∼ l, in disordered
metals with l being the mean free path [8].
Undoped graphene is qualitatively different. Due to
the inter-band transitions, Fig. 2(b), there are particle-
hole excitations with ω ≥ vF q, i.e. =Πj(q, ωP(q)) 6= 0,
even at T = 0. This is the reason why the plasmon con-
tribution, Eq. (5), dominates the heat transfer in the un-
doped graphene bilayers. To make the quantitative pre-
dictions let us review the plasmon dispersion and damp-
ing in graphene bilayers.
We are interested in the frequency range vF q < ω . Tj .
The first inequality specifies the range where under-
damped plasmons may exist. The second one follows
from the fact that the Planck functions in Eq. (5) limit
the frequency integration by the temperature. In this
range, the graphene polarization operator, Fig. 2(a), is
given by [22]:
Πj(q, ω) =N
Tj
v2F
ln 2
pi
[
1− ω√
ω2 − (vF q)2
]
+ i
N
16v2F
(vF q)
2 tanh(ω/4Tj)√
ω2 − (vF q)2
,
(6)
where N is the Dirac cone degeneracy (N = 4 for
graphene due to two spins and two valleys). As men-
tioned above, the high frequency, ω > vF q, polariza-
tion operator has a finite imaginary part. This is a di-
rect result of having the inter-band electron-hole excita-
tions near the Dirac point, shown in Fig. 2(b). Hence,
graphene is a good emitter/absorber of high frequency
modes, such as plasmons.
The double layer system supports two modes called [20]
optical (OP) and acoustic plasmon (AP). Their complex
frequencies follow from 12(q, ω) = 0, with the dielectric
function given by Eq. (3) and the polarization operators
given by Eq. (6). As detailed in the Supplemental Mate-
3FIG. 3. Frequencies, Eq. (7), and decay rates, Eq. (8), of the
OP and AP modes. Here the two graphene layers are taken at
the same temperature, T = 20vF /d and Nαg = 0.1. The grey
dot-dashed line shows the overdamped AP at T = 10vF /d, for
comparison. Black dashed line is ω = vF q.
rial [34], their dispersions are, Fig. 3:
ωOP(q) =
[vF q + 2 ln 2 Nαg(T1 + T2)]
√
vF q√
vF q + 4 ln 2 Nαg(T1 + T2)
; (7a)
ωAP(q) = vF q
√
2 ln 2 Nαg
T1T2
T1 + T2
d
vF
. (7b)
These expressions hold for q < d−1, while in the op-
posite limit Eqs. (7) smoothly connect to the plasmon
frequencies of each individual graphene layer [21, 22].
The OP corresponds to in-phase oscillations of the elec-
tron densities. Its dispersion relation, Eq. (7a), is similar
to the plasmon frequency of a single graphene layer [21,
22]. For vF q < Nαg(T1 + T2), the OP exhibits a square
root dispersion, ωOP(q) ≈
√
ln 2Nαg(T1 + T2)vF q; while
at larger momenta, vF q > Nαg(T1 + T2), it has a lin-
ear spectrum ωOP(q) ≈ vF q, Fig. 3. The AP mode
corresponds to out-of-phase, charge neutral oscillations,
thus the linear dispersion, Eq. (7b), Fig. 3. Notice
that the AP is only under-damped at a high enough
temperature, so that its velocity is larger than vF [20],
T1,2 > vF (Nαgd)
−1. In the opposite limit the AP mode
merges with the intra-band single particle excitations and
is over-damped.
The plasmon decay rate, ΓP(q), and the residue of the
plasmon propagator, Z(q), can be written as:
ΓP(q) =
pi
64 ln 2
[
ω2P(q)− (vF q)2
] ωP(q)
T1T2
; (8a)
Z(q) =
sP
2 ln 2 Nαg
vF
T1 + T2
[
ω2P(q)− (vF q)2
]3/2
(vF q)2
, (8b)
where sP = sOP/AP = ±1 is a sign related to the plas-
mon species. The ratio between the plasmon decay rate
and its frequency is much less than one, Fig. (3), through
the entire range, ωP(q) . T , contributing to the heat
FIG. 4. Plasmon contribution to the near field heat trans-
fer conductance at various values of fine structure constant
Nαg at a distance d = 100 nm. There are three temperature
regimes at a fixed layer separation, Eq. (10): low tempera-
ture, intermediate temperature and high temperature. The
green dashed line corresponds to the black body radiation,
given by Stefan-Boltzmann (SB) law.
current. Therefore, the plasmon modes are indeed un-
derdamped, justifying Eq. (5).
Employing Eq. (5) along with Eqs. (7)-(8), one finds
the plasmon contribution to NFHT. We present results,
Fig. 4, for the heat transfer conductance [35]:
hP(T, d) = lim
T1,2→T
JP(T1, T2, d)
T1 − T2 , (9)
which can be measured through the temperature relax-
ation time: τ(T, d) = C(T )/2hP(T, d), where C(T ) is
the specific heat of the undoped graphene [36]. In the
limit Nαg  1, one can identify the three temperature
regimes, where the asymptotic analytic expressions are
available in Supplemental Material [34], cf. Fig. 4,
hP(T, d)=

1.49×10−1 (Nαg)
2
v2F
T 3; T < vFd ,
2.71×10−3 (Nαg)
2
v2F
v3F
d3 ;
vF
d < T <
vF
Nαgd
,
1.29×10−3 (Nαg)
2
v2F
(vF /d)
7/2
(NαgT )1/2
; T > vFNαgd .
(10)
At low temperatures, T < vF /(Nαgd), only OP mode is
underdamped, while in the opposite limit both OP and
AP modes are underdamped and yield comparable con-
tributions to NFHT conductance. For T < vF /d the
integral in Eq. (5) is cut by the Planck function, limit-
ing the relevant momenta by vF q < T . As a result, the
heat transfer conductance follows h ∼ (Nαg)2T 3/v2F –
the Stefan-Boltzmann like relation (the latter describes
the far-field radiation and is given by hSB ∼ T 3/c2).
There is no dependence on the separation, d, between
4the layers in this regime. In the intermediate tempera-
ture range, the inverse layer separation, d−1, effectively
limits the momentum integral, vF q < vF d
−1 < T mak-
ing the heat conductance temperature independent, but
∝ (vF /d)3 instead. Notice that to observe the high
temperature regime of Eq. (10), it’s necessary to have
Nαg > (vF /c)
2/5 ≈ 0.1, otherwise the Stefan-Boltzmann
far-field radiation mechanism is more important than
NFHT, Fig. 4.
We have found that NFHT conductance in the un-
doped graphene double layers follows a characteristic
non-monotonic temperature dependence, Fig. 4. It
reaches a broad maximum at Tm ≈ vF /d and slowly de-
creases at higher temperature, before the radiative trans-
fer kicks in at ≈ 4Tm(Nαg)3/7. Throughout the low tem-
perature range, T ≤ Tm, the NFHT in graphene greatly
exceeds that in conventional metals [5, 7, 8]. The cor-
responding enhancement factor is (Nαgκd)
2  1, where
κ & 1nm−1 is the inverse screening radius in metals. In
fact, at the maximum, T ≈ Tm, the graphene NFHT is
only a factor of (Nαg)
2 off the Pendry’s boundary [1] for
the maximal possible heat flux.
The plasmon contribution to the heat flux can be
switched off by electrostatic gating. Notice that a volt-
age, V , applied between the two graphene layers in-
duces the charge densities n = ±˜ V/(ed) in the two
layers, measured from the charge neutrality point. The
chemical potential of each graphene layer changes to
±µ, accordingly. There is a characteristic gate voltage,
VT = 0.23×Nαge dT
2
vF
, when the chemical potential is equal
to the temperature, µ = T . For a smaller gate voltage,
V . VT, the chemical potential is smaller than temper-
ature, µ ≈ T × V/VT < T . In this case, the plasmon
contribution to the NFHT, Eq. (10) is basically intact.
At a larger gate voltage, V & VT, the chemical potential
is greater than the temperature, µ ≈ 1.7×T√V/VT > T .
In this case, the imaginary part of the polarization oper-
ator, =Π(q, ωP (q)) ∼ exp [−µ/T ], is exponentially small
[19]. As discussed before, the heat transfer conductance
is proportional to the imaginary part of the polarization
operator, h ∼ (=Π)2 /ΓP, (where ΓP ∼ =Π). Hence,
the plasmon contribution to the NFHT is exponentially
small, h ∼ exp
[
−1.7√V/VT] for V > VT. Therefore the
plasmon contribution to NFHT is effectively switched off
by the gate voltage VT. For a typical inter-layer separa-
tion d = 100 nm, it is given by VT = 0.026×
(
T
10K
)2
meV.
Thus the small electrostatic potential may be used to
tune on and off the heat flux in the graphene double lay-
ers.
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I. BASIC FORMALISM
In this section, we derive the general equation for
the plasmon contribution to the heat flux between two
graphne layers.
Start with the general equation for near field heat
transfer1,2:
J =
∫
dωd2q
(2pi)3
[N1(ω)−N2(ω)]
×=Π1(q, ω)=Π2(q, ω)|U12(q, ω)|2,
(1)
where Πj(q, ω) is the polarization operator and Nj(ω) =
ω/ [exp(ω/Tji)− 1] is the Planck function with temper-
ature Tj , with j = 1, 2 labelling the graphene layers. The
screened interlayer Coulomb interaction U12(q, ω) has the
following generic form:
U12(q, ω) =
2pivFαg
q12(q, ω)
e−qd (2)
where q and ω is the transferred momentum (in 2D) and
frequency. 12(q, ω) is the dynamical screening function.
As will be discussed in the next section, the interaction
is screened by electrons in both layers of graphene. As a
result, the plasmon modes will be strongly coupled.
Around plasmon frequency the screened interlayer in-
teraction could be rewritten as:
U12(q, ω) =
2pivFαgZ(q)
ω − ωP(q) + iΓP(q)e
−qd (3)
The plasmon frequency ωP(q) is determined by:
< [q12(q, ωP(q))] = 0 (4)
Meanwhile, the decay rate of plasmon modes is given by:
ΓP(q) = Z(q)= [q12(q, ωP(q))] (5)
with the Z factor being the inverse of the derivative of
the real part of < [q12(q, ω)]:
Z(q) =
[
∂< [q12(q, ω)]
∂ω
]−1
|ω=ωP(q) (6)
The interaction U12(q, ω) is presumably highly peaked
at the plasmon frequency. The absolute value squared
of interaction |U12(q, ω)|2 can be considered as a delta
function times a regular function, |U12(q, ω)|2 ∝ δ(ω −
ωP(q))
3,4. As a result, the plasmon contribution to the
heat flux can be singled out to be:
JP =
∫
d2q
2(2pi)2
[N1(ωP(q))−N2(ωP(q))]
×=Π1(q, ωP(q))=Π2(q, ωP(q)) (2pivFαg)
2Z2(q)e−2qd
ΓP(q)
(7)
To be more specific, consider the denominator of the
interaction |U12(q, ω)|2 around plasmon frequency:
1
[ω − ωP(q)]2 + Γ2P(q)
=
[ω − ωP(q)]2 + Γ2P(q)(
[ω − ωP(q)]2 + Γ2P(q)
)2
≈ Γ
2
P(q)(
[ω − ωP(q)]2 + Γ2P(q)
)2 (8)
In the second line, the term [ω − ωP(q)]2 in the numer-
ator is neglected around plasmon frequency. Notice the
following relation in the limit ΓP(q)→ 0:
ΓP(q)
[ω − ωP(q)]2 + Γ2P(q)
→ piδ(ω − ωP(q)) (9)
Therefore, the denominator of |U12(q, ω)|2 is given by:
1
[ω − ωP(q)]2 + Γ2P(q)
≈ ΓP(q)piδ(ω − ωP(q))
[ω − ωP(q)]2 + Γ2P(q)
=
piδ(ω − ωP(q))
ΓP(q)
(10)
The interaction |U12(q, ω)|2 is thus given by:
|U12(q, ω)|2 ≈ (2pivFαg)2Z2(q)e−2qdpiδ(ω − ωP(q))
ΓP(q)
(11)
Substituting this expression into the equation for near
filed heat transfer and performing the frequency integra-
tion, we were able to separate out the plasmon contribu-
tion to the heat transfer.
II. PLASMON MODES
In this section, we discuss plasmon modes of double
layer graphene5,6. The collective motion of electrons in
the two layers of graphene are strongly coupled by the
Coulomb interaction. Two plasmon modes are expected:
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2one is the usual charge plasmon, called optical plasmon;
the other one is called acoustic plasmon, related to the
out of phase fluctuation of the charge densities.
As discussed in the main text, the screening function is
determined with random phase approximation (RPA)7,8:
12(q, ω) = 1 +
2pivFαg
q
[Π1(q, ω) + Π2(q, ω)] +
(
2pivFαg
q
)2
Π1(q, ω)Π2(q, ω)
(
1− e−2qd) (12)
In addition, we consider small momentum vF q  2T1,2
and large frequency vF q < ω < T1,2, where the plasmon
modes are under damped. The upper limit ω < T1,2 is
set implicitly by the Planck function in the equation of
near field heat transfer. In this region, the polarization
operator is given by9:
Πj(q, ω) =N
Tj
v2F
ln 2
pi
[
1− ω√
ω2 − (vF q)2
]
+ i
N
16v2F
(vF q)
2 tanh(ω/4Tj)√
ω2 − (vF q)2
(13)
where N = 4 accounts two spins and two valleys.
To obtain the plasmon frequency in the long wave-
length limit, we assumed the imaginary part of the po-
larization operator to be close to zero =Πi(q, ω) ≈ 0+.
This is a reasonable approximation, in the sense that
the imaginary part of the polarization operator is indeed
smaller than the real part by a factor of:
=Πi(q, ω)
<Πi(q, ω) ∼
vF q
Ti
(vF q) tanh(ω/4Ti)
ω −√ω2 − (vF q)2 (14)
When frequency is large ω  vF q, this ratio is ap-
proximately (ω/Ti)
2  1; when the frequency is small
ω ∼ vF q, this ratio is approximately (vF q)3/(T 2i ω) 1.
Therefore, the imaginary part of the polarization opera-
tor can be neglected temporarily in determining the plas-
mon frequency. It is important in determining the plas-
mon decay rate.
The plasmon frequency was found by solving
<(q12(q, ω)) = 0:
0 = q+N(2pivFαg)
T1 + T2
v2F
ln 2
pi
[
1− ω√
ω2 − (vF q)2
]
+N2(2pivFαg)
2T1T2
v4F
(
ln 2
pi
)2 [
1− ω√
ω2 − (vF q)2
]2
1− e−2qd
q
(15)
Two solutions can be found generically:
1− ω±√
ω2± − (vF q)2
=
−(T1 + T2)±
√
(T1 + T2)2 − 4T1T2(1− e−2qd)
2N(2piαg)
T1T2
vF q
ln 2
pi (1− e−2qd)
(16)
Simple analytical expression for the two branches of the plasmon frequencies can be found when we considered the
long wavelength limit q < d−1 (namely, 1− e−2qd ≈ 2qd). In the long wavelength limit, the above equation simplifies
to:
1− ω+√
ω2+ − (vF q)2
= − vF q
2 ln 2 Nαg(T1 + T2)
1− ω−√
ω2− − (vF q)2
= − (T1 + T2)
4 ln 2 NαgT1T2
vF
d
(17)
The explicit solution for the frequencies are presented below as two branches of plasmon modes: optical plasmon
(OP) and acoustic plasmon (AP)6,8.
The optical plasmon corresponds to the usual charge density fluctuation. The electron density in two layers of
graphene exhibits in-phase oscillation. The optical plasmon frequency can be obtained by taking the ω+ solution:
ωOP(q) =
[vF q + 2 ln 2 Nαg(T1 + T2)]
√
vF q√
vF q + 4 ln 2 Nαg(T1 + T2)
(18)
Meanwhile, the acoustic plasmon mode corresponds to the fluctuation in the relative density. Its frequency is given
by taking the ω− solution:
ωAP(q) = vF q
√
2 ln 2 Nαg
T1T2
T1 + T2
d
vF
(19)
3Now, we turn to derive the expressions for the Z(q) factors and the decay rates ΓP(q) for both plasmon branches.
The Z(q) factor is given by the derivative of <(q12(q, ω)):
Z−1(q) =
∂<(q12(q, ω))
∂ω
∣∣∣∣
ω=ωP(q)
=N(2pivFαg)
T1 + T2
v2F
ln 2
pi
(vF q)
2
(ω2 − (vF q)2)3/2
+ N2(2pivFαg)
2T1T2
v4F
(
ln 2
pi
)2
2
[
1− ω√
ω2 − (vF q)2
]
(vF q)
2
(ω2 − (vF q)2)3/2
1− e−2qd
q
∣∣∣∣∣
ω=ωP(q)
(20)
Substituting the solution of plasmon frequencies, one can find the Z(q) factor. For optical plasmon, the Z(q) factor
is:
Z−1OP(q) = 2 ln 2 Nαg
T1 + T2
vF
(vF q)
2
[ω2OP(q)− (vF q)2]3/2
= 2 ln 2 Nαg
T1 + T2
vF
(vF q)
2
ω3OP(q)
(
1 +
vF q
2 ln 2 Nαg(T1 + T2)
)3
(21)
Meanwhile, for acoustic plasmon:
Z−1AP(q) = −2 ln 2 Nαg
T1 + T2
vF
(vF q)
2
[ω2AP(q)− (vF q)2]3/2
= −2 ln 2 Nαg T1 + T2
vF
(vF q)
2
ω3AP(q)
(
1 +
T1 + T2
4 ln 2 NαgT1T2
vF
d
)3
(22)
As discussed in the main text, the acoustic plasmon is only under-damped in the high temperature regime T1,2 >
vF (Nαgd)
−1. As a result, the Z−1AP(q) can be further simplified to be:
Z−1AP(q) = −2 ln 2 Nαg
T1 + T2
vF
(vF q)
2
ω3AP(q)
(23)
To end this section, we show the calculation of the plasmon decay rates. At this step, one should not neglect the
imaginary part of the polarization operator. The decay rate is defined as ΓP(q) = Z(q)= [q12(q, ωP(q))], where the
imaginary part of q12(q, ω) is given by:
= [q12(q, ω)] =2piNαg
16vF
(vF q)
2√
ω2 − (vF q)2
[tanh(ω/4T1) + tanh(ω/4T2)]
+ q
(2piNαg)
2
16
ln 2
pi
[
1− ω√
ω2 − (vF q)2
] (
1− e−2qd)√
ω2 − (vF q)2
[T1 tanh(ω/4T2) + T2 tanh(ω/4T1)]
(24)
As before, one needs to substitute in the plasmon frequency. In addition, it’s convenient to consider low frequency
situation ω < T1,2 due to the implicit constraint from the Planck function, so that tanh(ω/4T1,2) ≈ ω/4T1,2. Also
long wavelength limit is assumed such that 1− e−2qd ≈ 2qd. For optical plasmon, one can find:
= [q12(q, ωOP(q))] = 2piNαg
64vF
(vF q)
2ωOP(q)√
ω2OP(q)− (vF q)2
[
1
T1
+
1
T2
]
=
2piNαg
64vF
(vF q)
2
(
vF q
2 ln 2 Nαg(T1 + T2)
+ 1
)[
1
T1
+
1
T2
]
(25)
For acoustic plasmon:
= [q12(q, ωAP(q))] = −2piNαg
64vF
(vF q)
2ωAP(q)√
ω2AP(q)− (vF q)2
T1 + T2
T1T2
[
T1
T2
+
T2
T1
− 1
]
≈ −2piNαg
64vF
(vF q)
2T1 + T2
T1T2
[
T1
T2
+
T2
T1
− 1
]
(26)
Combining the result for Z(q) factor and = [q(q, ω)], it’s straightforward to find the decay rates of plasmon modes.
For optical plasmon:
ΓOP(q) =
pi
64 ln 2
[
ω2OP(q)− (vF q)2
] ωOP(q)
T1T2
=
pi
64 ln 2T1T2
ω3OP(q)(
vF q
2 ln 2 Nαg(T1+T2)
+ 1
)2 (27)
4Optical Plasmon (OP) Acoustic Plasmon (AP)
Frequency ωP(q)
[vF q+4 ln 2 NαgT ]
√
vF q√
vF q+8 ln 2 NαgT
vF q
√
ln 2 NαgT
d
vF
Z−1(q) Factor 4 ln 2 Nαg TvF
(vF q)
2
[ω2OP(q)−(vF q)2]
3/2 −4 ln 2 Nαg TvF
(vF q)
2
[ω2AP(q)−(vF q)2]
3/2
Decay Rate ΓP(q)
pi
64 ln 2
[
ω2OP(q)− (vF q)2
] ωOP(q)
T2
pi
64 ln 2
[
ω2AP(q)− (vF q)2
] ωAP(q)
T2
TABLE I. Summary of the properties of the plasmon modes: frequency, Z factor and decay rate. Here, the temperatures of
two graphene layers are taken to be equal to T .
For acoustic plasmon:
ΓAP(q) =
pi
64 ln 2
[
ω2AP(q)− (vF q)2
] ωAP(q)
T1T2
[
T1
T2
+
T2
T1
− 1
]
=
pi
64 ln 2
ω3AP(q)
T1T2
[
T1
T2
+
T2
T1
− 1
]
(28)
All the results in this section are summarized in the TABLE I, where temperatures are taken to be equal
T1 = T2 = T .
III. HEAT CONDUCTANCE
In this section, we show the calculation of the near field
heat transfer conductance, which is defined as:
hP(T, d) = lim
T1,2→T
JP(T1, T2, d)
T1 − T2 (29)
The explicit equation would be:
hP(T, d) =
∫
d2q
2(2pi)2
dN(ωP(q))
dT
[=Π(q, ωP(q))]2
× (2pivFαg)
2Z2(q)e−2qd
ΓP(q)
(30)
The result can be divided into three regimes: the low
temperature regime (I), the intermediate temperature
regime (II) and the high temperature regime (III). We
discuss them separately in each subsection below.
III.1. High Temperature Regime
In this subsection, we consider temperature to be high:
T >
vF
Nαgd
>
vF
d
(31)
At high temperature, both optical and acoustic plasmon
exist.
In particular, in the long wavelength limit q < d−1 <
NαgT/vF , the optical plasmon frequency has a square
root dependence on the momentum:
ωOP(q) =
√
2 ln 2 NαgTvF q (32)
Notice that ωOP(q)  vF q. Therefore, the decay rate
can be approximated as:
ΓOP(q) =
pi
64 ln 2
ω3OP(q)
T 2
(33)
At the same time, the Z factor is given by:
ZOP(q) =
1
4 ln 2 Nαg
vF
T
ω3OP(q)
(vF q)2
(34)
The imaginary part of the polarization operator is:
=Πi(q, ωOP(q)) = N
16v2F
(vF q)
2
ωOP(q)
tanh(ωOP(q)/4T )
≈N (vF q)
2
64v2FT
(35)
In the second line, ωOP(q)  T is assumed. With this
assumption, one can make a simplification on the Planck
function with ωOP(q) T :
dN(ω)
dT
=
ω2
4T 2
1
sinh2 ω2T
≈ 1 (36)
Putting the equations above, one can find the optical
plasmon contribution to the heat conductance:
hOP(T, d) =
∫
d2q
2(2pi)2
pi
28 · ln 2
ω3OP(q)
T 2
e−2qd
=
∫
d2q
2(2pi)2
pi
28 · ln 2
(2 ln 2 NαgTvF q)
3/2
T 2
e−2qd
=
15
215
√
pi ln 2(vFNαg)
3/2 1
d7/2
1√
T
(37)
5One could do the same process for acoustic plasmon.
The acoustic plasmon frequency is:
ωAP(q) = vF q
√
ln 2 NαgT
d
vF
(38)
The Z factor is given by:
ZAP(q) = − 1
4 ln 2 Nαg
ω3AP(q)
(vF q)2
vF
T
(39)
The decay rate is given by:
ΓAP(q) =
pi
64 ln 2
ω3AP(q)
T 2
(40)
We assumed the same for the imaginary part of polariza-
tion operator, =Πj(q, ωAP(q)) ≈ (vF q)
2
64v2FT
, and the Planck
function, dN(ω)dT ≈ 1. Putting the equations above to-
gether, one could fine the acoustic plasmon contribution
to the heat conductance:
hAP(T, d) =
∫
d2q
2(2pi)2
pi
28 · ln 2
ω3AP(q)
T 2
e−2qd
=
∫
d2q
2(2pi)2
pi(vF q)
3
28 · ln 2
(ln 2 NαgTd/vF )
3/2
T 2
e−2qd
=
3
212
√
ln 2(vFNαg)
3/2 1
d7/2
1√
T
(41)
Summing the optical and acoustic plasmon contribu-
tion to he heat conductance, one finds the near field heat
transfer conductance in the high temperature regime:
hIII(T, d) =
15
√
pi + 24
215
√
ln 2(vFNαg)
3/2 1
d7/2
1√
T
∼(vFNαg)3/2 1
d7/2
1√
T
(42)
III.2. Intermediate Regime
In this subsection, we consider intermediate tempera-
ture regime:
vF
d
< T <
vF
Nαgd
(43)
At this temperature regime, only optical plasmon exists.
The momentum integration in the near field heat trans-
fer conductance was done in two steps for small momen-
tum, 0 < q < 4 ln 2 NαgT/vF , and large momentum
q > 4 ln 2 NαgT/vF .
For small momentum region 0 < q < 4 ln 2 NαgT/vF ,
the optical plasmon properties fully parallel the discus-
sion in the high temperature regime. As a result, the
heat conductance is given by the following equation:
hOP,<(T, d) =
∫ q∗
0
d2q
2(2pi)2
pi
28 · ln 2
ω3OP(q)
T 2
e−2qd (44)
where the upper limit of integration is q∗ =
4 ln 2 NαgT/vF < d
−1. Hence the exponential factor
can be neglected:
hOP,<(T, d) =
∫ q∗
0
d2q
2(2pi)2
pi
28 · ln 2
ω3OP(q)
T 2
=
(ln 2)3
7
√
2
(Nαg)
5T
3
v2F
(45)
At large momentum region q > 4 ln 2 NαgT/vF , the
optical plasmon frequency is approximately:
ωOP(q) = vF q
[
1 +
1
2
(
4 ln 2 NαgT
vF q
)2]
(46)
It’s straightforward to see the following relation:
(ωOP(q))
2 − (vF q)2 = (4 ln 2 NαgT )2 (47)
With the above relation, we found the Z factor is given
by:
ZOP(q) = vF
(4 ln 2 NαgT )
2
(vF q)2
(48)
The decay rate is given by:
ΓOP(q) =
pi ln 2
4
(Nαg)
2
vF q (49)
The imaginary part of the polarization operator is taken
to be:
=Πi(q, ωOP(q)) = N
16v2F
(vF q)
2 tanh(ωOP(q)/4T )√
ω2OP(q)− (vF q)2
=
N
64v2F
(vF q)
3
4 ln 2 NαgT 2
(50)
The derivative of Planck function is assumed to be
dN(ω)
dT ≈ 1. Putting together the equations above, we
found the heat transfer conductance to be:
hOP,>(T, d) =
∫
q∗
d2q
2(2pi)2
pi ln 2
24
(Nαg)
2vF qe
−2qd
=
ln 2
29
(Nαg)
2 vF
d3
(2 + 4q∗d)e−2q
∗d
(51)
The lower integration limit is q∗ = 4 ln 2 NαgT/vF 
d−1. As a result, the heat conductance in the large mo-
mentum region is approximately:
hOP,>(T, d) ≈ ln 2
28
(Nαg)
2 vF
d3
(52)
It turns out that the major contribution comes from
the large momentum region:
hOP,>(T, d)
hOP,<(T, d)
∼
(
vF /d
NαgT
)3
> 1 (53)
Therefore, in the intermediate temperature regime, the
near field heat transfer conductance is given by:
hII(T, d) =
ln 2
28
(Nαg)
2 vF
d3
∼(Nαg)2 vF
d3
(54)
6III.3. Low Temerature Regime
In this subsection, we consider low temperature
regime:
T <
vF
d
(55)
At this temperature regime, only optical plasmon exists.
The analysis completely parallels the previous subsection
of intermediate temperature regime. The only difference
is that the momentum of interest is 0 < q < T/vF , where
the upper limit is given by the Planck function.
At small momentum q < 4 ln 2 NαgT/vF , the heat
conductance is given by:
hOP,<(T, d) =
(ln 2)3
7
√
2
(Nαg)
5T
3
v2F
(56)
At larger momentum 4 ln 2 NαgT/vF < q < T/vF (<
d−1), the momentum integration in the equation of heat
conductance is cut by the derivative of Planck function:
hOP,>(T, d) =
∫
q∗
d2q
2(2pi)2
dN(ω)
dT
N2 [=Π(q, ω)]2
× (2pivFαg)
2Z2(q)
ΓP(q)
|ω=ωP(q)
(57)
where the exponential factor e−2qd from the interaction
is neglected. The derivative of Planck function is:
dN(ω)
dT
=
ω2
4T 2
1
sinh2 ω2T
(58)
Substitute in the expressions for the Z factor and plas-
mon decay rate in Eq. (46)-(49), while the imaginary part
of the polarization operator should keep the tanh term:
=Πi(q, ωOP(q)) = N
16v2F
(vF q)
2 tanh(ωOP(q)/4T )√
ω2OP(q)− (vF q)2
=
N
16v2F
(vF q)
4 ln 2 NαgT 2
tanh
(vF q
4T
) (59)
, one finds the heat conductance to be:
hOP,>(T, d) =
∫
q∗
d2q
2(2pi)2
pi ln 2(Nαg)
2 vF q
4
tanh2 vF q4T
sinh2 vF q2T
=
(pi2 − 6) ln 2
18
(Nαg)
2T
3
v2F
(
1−O(Nαg)3
)
(60)
where the lower integration limit is q∗ = 4 ln 2 NαgT .
The fine structure constant is assumed to be a small fac-
tor. Hence, the heat conductance is given by:
hOP,>(T, d) =
(pi2 − 6) ln 2
18
(Nαg)
2T
3
v2F
(61)
Still, the major contribution comes from the large mo-
mentum region:
hOP,>(T, d)
hOP,<(T, d)
∼ 1
(Nαg)3
 1 (62)
Therefore, in the low temperature regime, the near field
heat transfer conductance is given by:
hI(T, d) =
(pi2 − 6) ln 2
18
(Nαg)
2T
3
v2F
∼(Nαg)2T
3
v2F
(63)
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